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Modeling Interferogram Stacks
Fabio Rocca

Abstract—Synthetic aperture radar interferometry is limited
by temporal and geometrical decorrelation. Permanent scatterers
(PSs) are helpful to overcome these problems, but their density
in agricultural and out-of-town areas is not always sufficient. The
forthcoming availability of satellite platforms with thinner orbital
tubes and shorter revisit times will enhance the use of interfero-
gram stacks, which are usable for distributed and progressively
decorrelating targets, like those found in agricultural areas. To
estimate the possibilities of the interferogram stack technique, a
Markovian model for the temporal decorrelation is considered.
ERS-1 data measured in C-band over Rome with a three-day
repeat cycle are used to identify the parameters for this model,
namely, the decorrelation time (estimated as 40 days) and the
short-term coherence (estimated as 0.6). In the hypothesis of small
deviations from a model of the motion, the optimal weights to be
used to combine a sequence of interferograms taken at intervals
that are shorter than the decorrelation time are calculated in the
cases of progressive and sinusoidal ground motion. The disper-
sion of the optimal estimate of the motion is then determined.
This model is extended to frequencies other than C-band. These
evaluations are compared with the known results obtained for
PSs. As an example, the case of a time interval between the
takes of T = 12 days is considered. With N consecutive images,
interferogram stack results are equivalent to PSs if the pixel count
in the window used to smooth the interferograms grows with N2.

Index Terms—Differential interferometric SAR (DInSAR),
interferometric SAR (InSAR), synthetic aperture radar (SAR).

I. INTRODUCTION

S INCE 1991, synthetic aperture radar (SAR) data that are
systematically taken every 35 days have been made avail-

able by the European Space Agency (ESA) European Re-
mote Sensing (ERS-1) satellite. The successive ESA satellites
ERS-2 and ENVISAT and the availability of the Canadian
satellite Radarsat with its 24-day revisit time allowed more
data to be considered for multipass SAR interferometry. The
reader is referred to [1], [6], and [16] for a general view of
SAR interferometry. In this paper, I will try to identify the
advantages that will be obtained using shorter revisit time
satellites, like GMES Sentinel 1 [17], that should be orbited
in the next decade. With the current satellites, the usefulness
or, rather, the need [3] for long-term stable scatterers [the so-
called permanent or persistent scatterers (PSs)] has long been
established to 1) reduce the effects of a) temporal decorrelation
and b) geometric decorrelation [8] due to the wide orbital tubes
and 2) abate the influence of the atmospheric phase screen
(APS). However, as soon as new SAR satellites with shorter
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revisiting times, wider radio-frequency bandwidth, and thinner
orbital tubes will be available, distributed scatterer interferom-
etry will also be an interesting tool to estimate slow terrain
subsidence, tectonic effects, and slow landslides. Subsidence
estimates based either on PSs or interferogram stacks will thus
be available. Here, I evaluate the dispersion of the ground
motion estimate using both techniques at different frequencies.
For that, I model the scatterer’s temporal decorrelation law.
I use a Brownian model of the scatterer change, i.e., I suppose
that each scatterer within the cell will randomly walk along the
line of sight. The parameters for this model are derived from the
three-day revisit interval data, which were obtained by ERS-1
in the ice phase in 1993. The outcome is an exponentially
decreasing correlation and the decorrelation time constant in
C-band in lightly vegetated areas is estimated to be approxi-
mately 40 days; this time constant can be easily extrapolated
to other frequencies. Then, any interferogram stack technique
becomes a weighted stack of the interferograms at different
spans. The optimal weights to combine the interferograms
are then determined, taking also into account their mutual
correlation. For a given revisit time, the weights depend on
the carrier frequency, and shorter spans are to be preferred
at shorter wavelengths. Notice that the subsidence estimate
could be directly obtained from the N images, rather than
from the N(N − 1)/2 interferograms, apparently in a simpler
way. However, the estimation becomes more difficult, and here,
I propose the longer but easier way. For an analysis of the
alternative technique, i.e., operating on the phases rather than
on the interferograms, please see [18].

After a brief summary of differential SAR (DInSAR) inter-
ferometry, I assess the accuracy of the ground motion estimate
with conventional DInSAR and with the PS technique at differ-
ent frequencies. I assume a simplified SAR acquisition, where
the Earth is flat, and the sensor orbits are straight and parallel.
This assumption is well justified on a local scale, i.e., for
assessing performances in terms of the accuracy of the ground
motion estimate for progressive motion. Finally, I evaluate the
quality of the estimate of periodical motion. I conclude that
in C-band, with a 12-day revisit interval, about 100 pixels,
exponentially decorrelating with an average decorrelation time
of 40 days, should yield an estimate of progressive motion that
is as good as that yielded by a PS.

II. INTERFEROGRAM STACKS

Many targets in a SAR image are not coherent over
long temporal intervals; nevertheless, they can be exploited
for motion estimation using “conventional” DInSAR tech-
niques. Despite the widely developed literature on differential
interferometry, starting from the very first InSAR references
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(see [7] and [9]), there has been a substantial lack of estimates
of the decorrelation of distributed targets, as well as optimal
techniques to provide an estimate of the motion field, after
the paper by Zebker and Villasenor [21]. Most approaches
can be generally defined as “interferogram stacks,” and new
and appealing methodologies [12] that could be classified in
this category appear. However, there is no clear and formal
assessment of the actual processing required. Even in the most
recent papers (see, e.g., [5]), the motion estimate is, indeed,
a somewhat heuristic exploitation of a set of interferograms
that were taken with the shortest temporal baselines possible,
where the choice of the interferograms to be combined is
based on a data-driven recipe that tries to get the best results,
accounting for target decorrelation and atmospheric artifacts.
This is also due to the fact that, up to now, no satellite has
been fully dedicated to interferometry; hence, no complete
sequences of interferometric images abound [2]. Further, the
multiplication of modes offered by the current satellites adds
another complication, i.e., even if the same area is imaged in
subsequent passes, the imaging will not be necessarily carried
out in the same mode. Furthermore, the wide orbital tubes
used are beneficial to PS interferometry but hinder distributed
scatterer coherence. In the future, narrower orbital tubes are to
be expected; thus, this becomes a further motivation to study
interferogram stacks.

I establish a model for target decorrelation and provide a
statistically consistent estimator to be mainly used for the
assessment of the ground motion accuracy. I first focus on
uniform subsidence. The optimal estimation of the subsidence
rate in millimeter per year v is quite complicated because of the
presence of target decorrelation, additive noise (clutter more
than thermal), and multiplicative noise due to the APS, i.e.,
the delay introduced by water vapor and ionospheric plasma
[10]. In particular, the latter contributions make the probability
density function of the observations non-Gaussian and difficult
to express in a closed form. The presence of phase aliasing
further jeopardizes the data statistics and the achievement of
a consistent solution. I approach the problem in a very simple
way: by approximating the APS as an additive noise, as it is rea-
sonable for the expected phase dispersion on the order of 1 rad.
However, unlike PS interferometry, DInSAR surveys can have
large decorrelation and a small signal-to-noise ratio (SNR) (the
reflection can be weak), and APS cannot be really approximated
as additive noise (its standard deviation may be, at times, larger
than 1 rad). In that case, an exact maximum-likelihood estimate
can be derived by a more refined statistical analysis. This has
been done and will be fully reported soon [18].

III. MODELING THE DECORRELATION

A. Exponential Model: Brownian Motion

I suppose that the time decorrelation mechanism is primarily
due to the motion of the scatterers in the resolution cell. I
model this motion as a Brownian motion, or the sum of many
successive independent and equally distributed motions so that
the normal approximation holds (see [21]). It is possible to sub-
stitute the variable describing the motion (in the line of sight)

with the variable describing the (unwrapped) phase because of
the linear relation between the two. The complex reflectivity
ξ(t) becomes ξ(t + nT ) after nT . The only difference between
the two is in the phase; thus, I can actually express the second
as a function of the first, i.e.,

ξ(t + nT ) = ξ(t) exp(−jϕ)

where ϕ is itself a real random variable that is normally distrib-
uted and independent from ξ(t), with variance σ2

ϕ. Assuming
the motion to be Brownian implies that the phase variance σ2

ϕ

linearly increases with the time interval, i.e., σ2
ϕ = σ2nT . The

decorrelation law is

γ(nT ) = E [ξ(t)ξ∗(t + nT )] = e−
nT
τ = ρn (3.1)

where τ = 2/σ2. For instance, for a Brownian motion in the
look direction with a standard deviation in a day of σBd/

√
day,

with, e.g., σBd = 1 mm, the phase deviation would be

σ = σBd
4π
λ

rad · day− 1
2 . (3.2)

Hence, we have the following equations:

ρ = e−T/τ = e−1/M M =
τ

T
=

2
Tσ2

Bd

(
λ

4π

)2

(3.3)

which correspond to a time constant τ = 40 days in C-band.
This was for a single scatterer. If the resolution cell contains
many scatterers so that the observed reflectivity is the sum of
elemental contributions, then the coherence shows the same
exponential decay with time, provided that each element is
affected by an independent Brownian motion.

B. Exponential Model: Markov

This alternative model makes the assumption that the ele-
mental scatterers in the resolution cell suddenly change their
reflectivity, passing from complete coherence to zero. Once
a start time is set (t0 = 0), the scatterers are divided in two
classes: those that have experienced at least one change and
those that have not. There are two populations: the unchanged
nUN and the changed ones nCH(t), with nUN(t) + nCH(t) =
nTOT = const. At any given time, provided that the scatterers
have similar amplitude statistics, the coherence is proportional
to the expected number of unchanged scatterers, i.e.,

γ(t) =
E [nUN(t)]
nTOT

. (3.4)

Suppose the change rate is constant and the process is without
memory other than the state. Then, the differential variation
of the unchanged population is proportional to the current
unchanged population, i.e.,

dE [nUN(t)]
dt

= −E [nUN(t)]
τ

→ E [nUN(t)] = nTOT × e−t/τ

(3.5)
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Fig. 1. Covariance matrices of Rome data, ordered with the acquisition date
and showing an approximately exponential decay.

which is equivalent to the Brownian motion model. A
more complex model could consider different populations
p1, p2, . . . , pN (

∑
n pn = 1) that are characterized by different

time constants. In this case, the time evolution is

γ(nT ) =
∑
n

pne
−nT/τn . (3.6)

In the case of only two populations with very different τ (e.g.,
τ2 is very small compared to the acquisition time scale), the
coherence can be approximated with

γ(nT ) = p1e
−nT/τ1 . (3.7)

The term p1 in (3.7) can range from 1 to 0 and represents
the fraction of the scatterers that did not suffer from a “quick
decorrelation” mechanism. The impact of decorrelation is the
same as that of thermal noise, i.e., a multiplication by

γSNR =
1

1 + SNR−1 . (3.8)

Then, I account for all the multiplicative terms with a single
constant γ0, and eventually, the model simply writes as follows:

γ(nT ) = γ0e
−nT/τ = γ0ρ

n. (3.9)

C. Identification of Model Parameters

The parameters of the exponential models can be identified
using estimates of coherence. In the data sets that have been
exploited, the sampled estimate [14] has been applied to the
interferogram after removing the topographic contribution by
means of a digital elevation model. The estimation window has
been made sufficiently large to minimize the bias of the estimate
[19]. The result is a series of matrices, each of them represent-
ing the correlation properties in a particular place in the scene
(actually, the estimation window). Two examples are provided
in Figs. 1 and 2. The images are arranged by the acquisition
date (26 images are available), and each element in the matrix
represents the coherence of a pair. The principal diagonal is
always unitary because every image is perfectly coherent with
itself. In Fig. 2, it is easy to recognize three separate moments
in the scatterer’s “life.” To obtain the coherence as a function
of time separation, I take all the pairs in the data set, spanning

Fig. 2. Covariance matrices of Rome data, ordered with the acquisition date
and showing a Markovian behavior.

the same interval (for instance, all the pairs with a temporal
baseline of 15 days), and I average their coherence to make the
estimates more robust, i.e.,

γ̂(nT ) =

∑
t(k2)−t(k1)=nT γ̂(k1, k2)∑

t(k2)−t(k1)=nT 1
(3.10)

where t(k) is the time of the kth acquisition. This is the input
to the next stage, which is the identification of the model.

The parameters of the model that can best justify the obser-
vations can then be found. The identification process consists of
trying many combinations of the parameters and choosing the
best one according to some figure of merit Q. In this case, the
L1 norm is minimized, i.e.,

Q(γ0, τ) =
∑
nT

∣∣∣γ̂(nT ) − γ0e
−nT/τ

∣∣∣ . (3.11)

The sum is extended to all nT s for which an estimate γ̂(nT ) is
available. The output of the identification step is the triple γ̂0,
τ̂ , and Q(γ̂0, τ̂) for each processed window.

IV. VALIDATION WITH REAL DATA

The results discussed here are based on scenes from an ERS-
1 ice-phase data set (Track 22, Frame 2763) that was acquired
over central Italy from the end of December 1993 to April
1994 (26 scenes). During this acquisition phase, the revisit time
interval was three days, whereas all the other orbital parame-
ters remained basically unchanged. The images were focused
and oversampled by a factor of 2 (range only) and coregistered
on the master’s common grid (the image was taken on March 5,
1994). Then, a portion of the entire scene was selected (20 ×
15 km, range × azimuth). It is near the Fiumicino (Rome,
Italy) airport and shows the last part of the Tevere River
course. This C-band data set peculiarity stays with the reduced
revisit time, which is just three days. This characteristic is very
important in studying the decorrelation dynamics in the time
span of a few weeks: a task that is much harder with the more
common 35-day data set. Although the maximum baseline
span is about 800 m, I chose to work with a reduced set of
17 images in the range of ±250 m. This measure is an attempt
to reduce the impact of geometric decorrelation. At the same
time, I applied spectral shift filtering in the range band common
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Fig. 3. Map of the short-term coherence γ0.

Fig. 4. Map of the time constant τ .

Fig. 5. Histogram of the short-term coherence γ0, with and without spectral
shift filtering.

to all images [8]. Approximately half the original bandwidth
was retained by this step, as one is limited by the worst
case (500 m).

A. Decorrelation Dynamics

Estimates have been made by spatial averaging on a 12 ×
12 pixel window (range oversampled 2 : 1), and no overlap
between any two windows was allowed to make every measure
independent. Figs. 3 and 4 show the maps for the short-term
coherence γ0 and for the estimated time constant τ . The
histograms of the short-term coherence and the time constant
τ , with and without spectral shift filtering, are shown in Figs. 5
and 6.

The peak in the histogram is at about 40–50 days. As ex-
pected, the coherence is increased if the common band-filtered
images are used, because a source of decorrelation is elimi-

Fig. 6. Histogram of the time constant τ , with and without spectral shift
filtering.

nated. The histograms clearly indicate an increase in coherence
with filtering. The reason for not having any point with γ̂0 lower
than 0.2 can be explained by the estimate bias discussed earlier
in this paper. In fact, even for large time spans over totally
decorrelated areas, it would be usual to find coherence measures
higher than 0.15. Forcing an exponential model to explain
such observations brings us to the conclusion that the “starting
coherence” γ̂0 must be greater than or equal to such a value.

B. Joint Distribution of the Estimates

The joint distribution of τ̂ and γ̂0 seemed to be separable,
which makes the two parameters independent. To further ana-
lyze the problem, I applied a singular value decomposition on
the matrix that approximates the joint probability density. If it
were a dyad, i.e., with a prevailing eigenvalue, the matrix would
be separable. In our case, the first eigenvalue is about ten times
the second.

V. LINEAR ESTIMATES OF GROUND MOTION

A. Covariance Matrix of the Interferograms

In this section, I will deal with the approximate estimation of
the progressive interferometric phase, namely, the subsidence
velocity correspondent to an additional phase shift φ that is
identical from one pass to the next. We have

φ =
4πvT
λ

(5.1)

where T is the interval between the takes, and λ is the wave-
length. The interferogram is obtained by cross multiplying
two images at times k1T and k2T and then averaging over L
pixels. The removal of the scatterer’s phases is obtained by
multiplying one image times the conjugate of the other. In
this derivation, I suppose that the baseline is systematically
zero, and thus, I will not consider geometrical decorrelation.
This impacts on the covariance of the decorrelation noise
as well, which is now dependent only on temporal decorre-
lation. As the subsidence-induced phase shifts could create
geometrical decorrelation, if changing with the range, I have
assumed to have uniform subsidence in all the pixels to be
considered. The value of L is determined by hypothesizing that
all pixels stay within the correlation radius of the APS, e.g.,
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within 800 m, and are therefore subject not only to the same
subsidence mentioned before, but also to the same atmospheric
phase. The interferogram value is given by

Fk1k2 =
1
L

L∑
h=1

zh,k1z
∗
h,k2

where z is the received signal considered as the sum of the
temporally decorrelating signal γx plus noise n, i.e.,

z = γx + n. (5.2)

The expected value of the interferogram is

E[Fk1k2 ] = E
[
zh,k1z

∗
h,k2

]
= γk1k2σ

2
x + σ2

nδ(k1 − k2)

where γk1k2 , which is the temporal component of the coher-
ence, can be expressed on the basis of the exponential decay
(3.9) as

γk1k2 = ρ|k1−k2| (5.3)

and ρ is real and smaller than 1. In short, I will call span the
temporal baseline of an interferogram, i.e., the time interval
(|k1 − k2|T ) between the two takes, whereas lag will be the
delay between the time centers of two interferograms either
with the same span or with different spans. Further, σ2

x is
the variance of the complex value of the noiseless received
signal xh,ki

that is supposed to be constant with h, ki. The
actual coherence will be lower than γk1k2 due to the additive
noise n (e.g., the instantaneous decorrelation term). By using
the exponential Markov model, the temporal component of the
coherence exponentially decreases with the span. By indicating
with ρ the coherence at span T and considering the phase shifts
due both to the progressive subsidence and to the APS and,
therefore, adding to the subsidence phase shifts ak1 and ak2
due to the APS in the two takes, I get

γk1k2 = ρ|k1−k2|ej[(k2−k1)φ+ak1−ak2 ].

For small phase shifts, I can linearize with respect to the APS
and subsidence terms, i.e.,

γk1k2 ∼ ρ|k1−k2| [1 + j ((k2 − k1)φ + ak1 − ak2)] . (5.4)

It is correct to contend that even if the subsidence could be low,
the APS will not be. In effect, we expect σa, i.e., the rms value
of the APS to be on the order of 1 rad [10]. The dispersion of the
two-way additional travel path due to local random variations of
the refractivity of the atmosphere is

σr ∼ 10 [mm] (5.5)

and then

E
[
a2
k

]
= σ2

a =
(

2πσr
λ

)2

. (5.6)

Further, we are referring to a single position in the image, and
we can expect that we will be able to predict, at least partially,
the value of the APS in that position from the neighboring
points. This, in turn, even after a few iterations, would lead to

much smaller values for the residual APS and, therefore, to the
feasibility of this linearization.

Notice that there is a further approximation here: the phase
shifts due to subsidence and APS are attached to the coherence,
i.e., to the mean of the correlation between the two images and
not to the actual value of the sampled average. In other words,
I am neglecting the second-order biasing effect due to the phase
shift of the decorrelation noise. This effect would be irrelevant
in the case of equal variance of the real and imaginary parts of
the decorrelation noise, but as the variance of the real part is
always larger than that of the imaginary one and much more
so if the coherence is high, as we will see in the sequel, this
approximation may have some impact.

The interferogram covariance for any given atmospheric and
subsidence phase shift, by using the Gaussianity of the data and
the Gaussian moment factoring theorem, is

Cov[Fk1k2Fk3k4 ] =

E

[
L∑

h,k=1

zh,k1z
∗
h,k2

z∗k,k3zk,k4

]
L2

− E[Fk1k2 ]E
[
F ∗
k3k4

]
=
E[Fk1k3 ]E

[
F ∗
k2k4

]
L

. (5.7)

I introduced here the set of all the interferograms, i.e., N(N −
1)/2 complex numbers per pixel, instead of the original N
images. There is, apparently, an unjustified explosion of the
number of degrees of freedom: for N independent numbers
(the images), we get N(N − 1)/2 only partially correlated
interferograms (obviously, never independent). This is easy to
check, as for γ = 0, the covariance matrix of the interferograms
is diagonal, as it will be better seen in the following. Therefore,
it is clear that it would be much better to directly estimate the
parameter φ from the original image phases themselves, rather
than by combining interferograms. However, the phases are
non-Gaussian, the optimal estimate (the conditional mean) is
a nonlinear function of the data, and the Cramér–Rao bound
becomes more difficult to interpret. This problem is solved in
this paper [18].

B. Optimal Linear Estimates

Exploiting the small phase approximation (5.4) and the con-
sequent linearization, I will now consider only the imaginary
parts of the interferograms Ik1k2 that were averaged over L pix-
els, which were supposed to have the same APS. This averaging
process will allow us to hypothesize that the averaged interfer-
ogram is a Gaussian variate, for the central limit theorem, to
be described with its mean plus an additional noise n′(k1, k2)
to be combined with the effects of the supposedly small phase
shifts induced by APS and subsidence. After the linearization in
(5.4), the imaginary part of the interferogram, considering the
additive noise to the signal and temporal decorrelation, is

Im(Fk1k2) = Ik1k2 ∼ ρ|k1−k2|σ2
x [(k2 − k1)φ + ak1 − ak2 ]

+ n′(k1, k2)

n′(k1, k2) = Im [Fk1k2 − E[Fk1k2 ]] . (5.8)
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We indicate with n′(k1, k2) the random variate—real and
zero mean—corresponding to the imaginary part of the inter-
ferogram that is not dependent on APS or subsidence. Notice
that the variances of the real parts and the imaginary parts of
the interferograms are different. For an intuitive confirmation
of that, let us consider the case of no temporal decorrelation, no
subsidence, or no APS, i.e., a flat interferogram with coherence
that is equal to one. Although the phase and, therefore, the
imaginary part of the interferogram is zero, the interferogram
is a nonzero-mean random real variate, as it is the square
modulus of a Gaussian variate. Hence, with good coherence,
we expect, in general, many changes along the real parts
of the interferograms and much smaller changes along their
imaginary parts.

Now, I construct a vector F with the imaginary parts of all
the N(N − 1)/2 interferograms, which were arranged using
the first image in the interferograms first, then the second, etc.,
without repetitions, as follows:

FT = [I12 I13 . . . I1N ; I23 I24 . . . I2N ; . . . IN−1,N ].
(5.9)

Rather than indicate the entries of this vector with one
index, for simplicity, I use the two indexes of the images that
contributed to the interferogram. F is the sum of the three
random vectors φM, (ak1 − ak2)A, and N, i.e.,

F = φM + (ak1 − ak2)A + N = φM + B

which is sorted like (5.9) and represents the following.
1) φM is the progressive phase shifts, e.g., due to subsi-

dence, with entries φ(k1 − k2)ρ|k1−k2|σ2
z .

2) (ak1 − ak2)A is the APS with entries (ak1 −
ak2)ρ

|k1−k2|σ2
z (for an easier check of the formulas).

3) N represents the contributions to the imaginary part of
the interferograms due to instantaneous and progressive
temporal decorrelation. The covariance matrix relative to
F is the sum of three covariance matrices, which are
related to the three random vectors that have just been
introduced. The matrix due to the random subsidence rate
φ is a dyad, which is expressed by

E[φ2MM∗] → σ2
φσ

4
xρ

|k1−k2|+|k3−k4|(k1 − k2)(k3 − k4)

and that due to the APS is

E [(ak1−ak2)A(ak3−ak4)A
∗]

= σ2
aσ

4
xρ

|k1−k2|+|k3−k4|
(

+δ(k1−k2)+δ(k3−k4)
−δ(k2−k4)−δ(k1−k3)

)
. (5.10)

It is possible to check that the entries of the correlation
matrix of the imaginary parts of the interferograms, without the
additional phase shifts due to APS or ground motion, are

E[NN∗]→

σ4
x(γk1k2γk3k4 − γk1k4γk2k3)+

σ2
xσ

2
n

[
+δ(k1 − k3)γk2k4 + δ(k1 − k4)γk2k3
−δ(k2 − k4)γk1k3 − δ(k2 − k3)γk1k4

]
+σ4

n (δ(k1−k3)δ(k2−k4)−δ(k1−k4)δ(k2−k3))
2L

(5.11)

Fig. 7. Moduli of the interferogram weights as a function of time lags k1

and k2, k2 > k1: ρ = 0.74, γ0 = 0.6, and N = 30. Approximately five lags
are used.

For the real parts, the negative signs of the contributions
become positive, and thus, the sum is consistent with (5.7).
The dispersion of the phases σ2

φ of an interferogram can be
expressed as the ratio between the dispersion of the imaginary
part over the squared mean as follows:

k1 = k3 k2 = k4 = k1 + 1 E[F ] = ρσ2
x (5.12)

σ2
φ =

1 − ρ2

2Lρ2
(5.13)

which is consistent with [21] if σ2
n is considered part of the

decorrelation mechanism. As mentioned before, for γ = 0,
the covariance matrix E[FF∗] is diagonal, notwithstanding the
dimensionality being much higher than the original data set.
Notice that for N = 30 images, I have N(N − 1)/2 = 435
interferograms, and this is the size of the covariance matrices.
The optimal estimate of φ is a linear combination of the
interferograms weighted with the weight vector P∗, i.e.,

φ̂ = P∗F = P∗(φM + B).

The weights can be computed by imposing incorrelation be-
tween the data (the interferograms) and the error, i.e.,

E [F(F∗P − φ)] = 0 (5.14)

By whitening the noise and imposing an unbiased estimate (i.e.,
the limit of the previous one for σ2

φ → ∞), following [20], we
are led to the following expression of the weight vector:

P =
M∗Q−1

M∗Q−1M
Q = E[BB∗]

which is represented in Fig. 7. The weight vector is represented
as a function of the two indexes corresponding to the two takes;
for this figure, the total number of takes is 30, and thus, the
matrix is 30 × 30. However, the matrix is zero on and below the
main diagonal, as the autointerferograms are irrelevant (points
on the main diagonal), and each interferogram is considered
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only once. In the case of no instantaneous decorrelation, and no
APS, only the interferograms at span 1 (those on the first subdi-
agonal) are used. The instantaneous decorrelation smoothes this
matrix. The APS induces smaller weights for the interferograms
at the beginning and the end of the takes, as the chaining of
the interferograms (and, thus, the compensation of the APS) is
broken at both ends of the takes. Finally, the error variance is

lim
σ2

φ
→∞

E
[
(φ− φ̂)2

]
=

1
M∗Q−1M

.

These equations will be revisited in Section V-C, in the cross-
spectral domain, to simplify them and make them more directly
understandable. The final results will then be summarized in
Fig. 10.

Finally, before going further into the discussion, one has
to remember that the sample covariance matrix of the pixels,
namely, the matrix of the cross correlations of the interfero-
grams, as it is a sum of L dyads, has size N ×N and at most
rank L, whereas the sample covariance matrix of the inter-
ferograms has size N(N − 1)/2 ×N(N − 1)/2 and rank 1.
Therefore, one has to reduce the dimensionality of the problem
to achieve some statistical estimate [13]. Indeed, one can always
introduce spatiotemporal averaging procedures to augment the
rank of the matrices, but all averaging processes, unless data
dependent and, therefore, nonlinear, hinder the identification of
PSs. Therefore, skillful averaging techniques should be found,
where an optimal use is made of the temporal and spatial dimen-
sions (like, e.g., averaging over seasons or target similarities).

C. Cross Spectra of Interferogram Sequences

I can simplify the problem by considering sequences of inter-
ferograms F (p)

m with a given span 2p; the index m corresponds
to the center time of the interferogram. The previously given
formulas simplify, in a symmetrical presentation, to

m =
k1 + k2

2
n =

k3 + k4

2

p =
k2 − k1

2
q =

k4 − k3

2
, p, q > 0 (5.15)

where the indexes n and q correspond to the center time and
span 2q of the second interferogram, respectively.

By indicating further the lag between two interferograms
with l and with h and k the values

l = n−m h =
p− q

2
k =

p + q

2

we have

k1 = m− p k1 − k4 = l − 2k · · ·

and we gain the following simple relation:

L

σ4
x

Cov
[
F (q)
m F

(p)
m+l

]
= ρ2max(|l|,|h|) +

2δ(l)
SNR

+
δ(l)δ(h)

SNR2 .

(5.16)

Therefore, the complex covariance of two interferograms de-
pends only on their lag l and on the span difference. The

covariances of the real and imaginary parts depend also on
the span sum. To find the estimator, rather than studying the
cross correlations of the interferograms in the span and lag
domains, I look at their cross spectra, particularly at their low-
frequency components that will be amplified by the interfero-
gram stacks. As interferogram stacking is the low-pass filtering
of the interferogram sequence, I move to the spectral domain,
and I indicate with ψ the Fourier conjugate of the interferogram
center times m and n. In this way, the analysis will be simplified
as the interferograms center times m and n and the lags l =
n−m disappear and instead of the initial four indexes (namely,
the current ones k1, k2, k3, and k4 or the symmetrized ones, i.e.,
lags and spans m, n, p, and q), we have just the two spans, i.e., p
and q, and some behavior with the frequency ψ. As always, we
suppose that ρN ∼ 0, i.e., that the sequence is much longer than
the decorrelation time. APS and temporal decorrelation effects
decouple, allowing a general simplification.

The correlation between the zero-frequency components of
the cross spectra of the imaginary parts of the interferograms
that have spans p and q is indicated with Ndec,pq(ψ = 0). This
component of the cross spectrum is the sum of all the lags of
the autocorrelation function (or mutual correlation function) of
the imaginary parts between the interferograms at spans p and
q. The sum is finite due to the previous hypothesis on the finite
decorrelation time. The elements of the cross-spectral matrix
of the imaginary parts of the interferograms at zero frequency
depend on the difference and the sum of their spans (the lags
are averaged out) and are

2LNdec,pq(ψ = 0)
σ4
x

= ρ2|p−q|
(

2|p− q| + 1 + ρ2

1 − ρ2

)
− ρ2|p+q|

(
2|p + q| + 1 + ρ2

1 − ρ2

)

+
2
(
ρ2|p−q| − ρ2|p+q|)

SNR
+

δ(p− q)
SNR2 .

(5.17)

The cross spectra of the atmospheric perturbations at very low
frequencies (at zero frequency, they are zero) are calculated as
follows. The atmospheric noise contribution correlation comes
from terms like

σ4
zσ

2
aρ

2p+2q [(am−p − am+p)(an−q − an+q)] .

The cross correlations of the atmospheric contributions between
interferograms with spans p and q, termed ratm,pq(l), are in the
center time domain, and for lag l, we have

ratm,pq(l) = σ4
xσ

2
aρ

2(p+q) [δ(l − 2h)

+ δ(l + 2h) − δ(l − 2k) + δ(l + 2k)] .

By Fourier transforming in ψ, we derive

Natm,pq(ψ)= ρ4kσ4
xσ

2
a(e

−j2ψh + ej2ψh − e−j2ψk − e−j2ψk)

= 2ρ4kσ4
xσ

2
a(cos 2ψh− cos 2ψk)
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and approximating for low frequencies, we have

Natm,pq(ψ) = 4ρ4kσ4
xσ

2
aψ

2(k2 − h2)

= 4pqρ2(p+q)σ4
xσ

2
aψ

2, ψ � 1.

Hence, the cross-spectral matrix of the APS contribution at low
frequencies is a dyad that increases with ψ2. Finally, the signal
components are expressed by

Nsig,pq(ψ) = 4pqρ2(p+q)σ2
φσ

4
xδ(ψ)

i.e., the same dyad but with a delta-like frequency behavior
instead of ψ2 for the atmosphere. The estimate of the interfer-
ometric phase φ in the presence of this colored noise can be
carried by averaging over N samples of the interferograms, i.e.,
windowing the spectrum. I approximate this windowing with an
ideal filter in the band as follows:∣∣∣∣ψN2

∣∣∣∣ < π

2
→ |ψ| < π

N
.

If the decorrelation time is much shorter than the integration
time NT , then in the band of the filter, the cross spectrum of the
decorrelation can be considered as a constant. In conclusion, the
entries of the cross-spectral matrices of the different sources of
noise that are integrated in this band are indicated with N dec,pq,
N atm,pq and are given by

2LN
πσ4

x

N dec,pq = ρ2|p−q|
(

2|p− q| + 1 + ρ2

1 − ρ2

)
− ρ2|p+q|

(
2|p + q| + 1 + ρ2

1 − ρ2

)

+
2
(
ρ2|p−q| − ρ2(p+q)

)
SNR

+
δ(p− q)

SNR2

N

π

N atm,pq

σ4
x

∼ 4
3

( π

N

)2

σ2
apqρ

2(p+q). (5.18)

The signal vector s has the following components:

φsp = 2ρ2ppφσ2
x sT = σ2

x[ρ, 2ρ
2, 3ρ3, . . .].

The interferogram cross-spectral vector Ip (in slanted char-
acters; its version in the time domain was in calligraphic
characters) is now the vector of the interferogram stacks at span
p, and rather than N(N − 1)/2, it has a much smaller size Ncs,
which corresponds to the maximum span to be used for the
estimation, e.g., 5. Thus, we have

1 ≤ p ≤ Ncs < N

Ip = [I1, I2, . . . INcs ]

E[II∗] =N = N dec + N atm + σ2
φss

∗. (5.19)

There is a misconception here that should be identified. If
we have N images, we have N − 1 samples of the 1 span
interferogram sequence, but only one sample of the N − 1
span interferogram sequence. To have the cross spectra of the

Fig. 8. Interferogram stack weights as a function of the lag: ρ = 0.74, SNR =
1.5, and N = 30.

windowed sequences, we need an equal number of samples for
the sequences of interferograms at all spans p ≤ Ncs, and this
is what we do not have. However, as Ncs < N because the
decorrelation time for distributed scatterers is, in general, much
shorter than the observation time, this error in the cross-spectral
analysis is not very significant. Anyway, the previous analysis
in the time domain does not have this problem. Proceeding as
before, the unbiased optimal estimate of the subsidence rate
leads to the following expression of the error:

E
[
(φ− φ̂)2

]
=

1
s∗(N dec + N atm)−1s

.

Then, exploiting the fact that

N atm =
σ2
a

3

( π

N

)3

ss∗ (5.20)

and using the matrix inversion lemma, I have

E
[
(φ− φ̂)2

]
=

1
3

( π

N

)3

σ2
a +

π

2LN
1

s∗N −1
decs

(5.21)

where the entries of the matrix N dec are N dec,pq for the
spans p and q and are reported in (5.17). The optimal weights
depend only on ρ and SNR, which is consistent with (5.21).
The weights β of the interferogram stacks at different spans are
shown in Fig. 8 in the case when ρ = exp(−12/40) and SNR =
1.5. In this case, even interferograms at significant spans could
profitably be used, thus increasing the size Ncs of the matrix
N dec. Notice that, due to our approximations, the effect of the
atmosphere is not the correct one (π3/3 = 10.3 < 12). Luckily,
however, in this approximation, the variance of the estimate is
the sum of the variances due to atmosphere and decorrelation:
one decreases as 1/N3 and the other as 1/N . The behavior is
PS like if the first component prevails.

It is possible to notice from (5.21) that the distributed scat-
terers act as a PS, i.e., the APS is the main cause for dispersion
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of the subsidence rate estimate if the number of looks is
greater than

LPS =
3

2π2

N2

σ2
a

1
s∗N−1

decs
. (5.22)

If M is the number of revisits during the decorrelation time
constant, i.e., from (3.3), we have

M =
τ

T
= − 1

log ρ
(5.23)

it so happens that it results approximately to

s∗N−1
decs ∼ 0.2M + γ0 − 1 = 0.2M − 1

1 + SNR
. (5.24)

Then, the still rather complex formula (5.22) can be approx-
imated with the following very simple one, even frequency
independent, as it will be seen in the last section. To avoid
(in)significant figures, then, if T is the repeat time in weeks,
we have

LPS ∼ 0.75
N2

Mσ2
a

= 0.1N2T [in weeks]. (5.25)

1) Discussion: The result in (5.25) is reasonable in that the
dispersion of the estimate of the subsidence rate decreases
with N3 in the case of a PS. In the case of L distributed
scatterers decorrelating in M revisits, we combine sequences
of N interferograms at M spans, on L pixels, and thus, the
dispersion may well decrease with MNL. Then, to make
the two behaviors equivalent, one needs L increasing with
N2/Mσ2

a. In our case, Mσ2
a ∼ 3. This model, very crude and

overestimating LPS as the atmospheric contribution is very
small, still captures the interesting behavior of LPS versus
frequency, as will be seen in Section VII. In fact, as long as
the product Mσ2

a is slowly varying with λ, the frequency will
minimally create an impact on LPS. Further, it is easy to check
that with a high SNR, one span suffices, and the others be-
come redundant, as the unique source of noise is decorrelation.
This corresponds to, e.g., the observation that the inverse of
a Toeplitz exponential matrix is tridiagonal, or that with first-
order Markov processes, the memory to use for estimations is
as short as possible. With a lower SNR, more spans are useful.
Anyway, with the expected spatial resolution of 5 × 20 m, we
expect well more than 50 independent APS measurements per
square kilometer, which is not bad at all. This would allow
a good estimate of the APS, its reduction, and, therefore, the
justification of the assumptions made, entering the PS regime
and yielding a further reduction of the dispersion of the velocity
estimate.

D. Unbiased Estimates of Sinusoidal Motion Processes

The linear approximation that I have used allows to extend
the evaluation of the error to any motion, and it is not neces-
sarily relative to a constant subsidence rate. It is enough to use,

Fig. 9. Noise level as a function of the temporal frequency, which is normal-
ized to the seasonal variation.

as vector to be estimated, a sinusoidal change with time, at any
given pulsation ψh. In this case, the vector φM becomes

φM = φh(ejk1ψh − ejk2ψh) ψh =
2π
N

h; h = 1, . . . , N.

The unbiased minimum variance estimate of the component of
the motion φh at pulsation ψh is found with the same methodol-
ogy as before, i.e., following the unbiased estimator that Capon
uses for his spectral analysis [20]. In Fig. 9, I show the error as
a function of the frequency, which is normalized to a seasonal
variation, in the case of 30 images per year and 50 looks.
The behavior ramps up between 0.5 and 0.25 cycles/year. For
zero frequency, the dispersion is unlimited: a constant phase is
irretrievable. As the noise due to temporal change is correlated
and, thus, low-pass, faster motions are less affected.

VI. PS INTERFEROMETRY

In PSs, the target is assumed to be a stable point scatterer.
The sole meaningful information is then its complex amplitude
in the nominal target location. The contribution due to the
subsidence for the nth image is

zn = |A| exp jψ exp
(
j
4π
λ
vnT

)
+ wn (6.1)

where A is the amplitude of the scatterer, wn is the noise
contribution that mainly accounts for thermal noise, clutter, and
(small) target decorrelation, and ψ is the intercept, i.e., the off-
set in the subsidence linear law that is combined with the phase
of the scatterer. In PS interferometry, I assume that the am-
plitude of the target’s return is much larger than the noise,
so that I may approximate the phase of each single obser-
vation as

∠zn = ψ +
4π
λ
vnT + φcn (6.2)

where φcn is a zero-mean normal noise that accounts for clutter,
thermal noise, and target long-term coherence. Its variance is
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half the ratio of the peak power of the target in the SLC SAR
image to the noise power, i.e.,

σ2
c =

σ2
wn

2A2
=

SNR−1
s

2
.

If I assume that phases due to APS are zero-mean normally
distributed, I get the following model:

∠zn =ψ +
4π
λ
vnT + φcn + φan + φtn (6.3)

=ψ +
4π
λ
vnT + φwn (6.4)

where φan is the APS noise. In (6.4), I have added all the
noise contributions in a single one, i.e., φwn , which is still zero-
mean normal, and its variance is the superposition of all the
contributions, which is given as follows:

σ2
w = σ2

c + σ2
a + σ2

t .

Model (6.4) is the one assumed for estimating the subsidence
rate v. Notice that the intercept ψ is a nuisance parameter in the
sense that I do not explicitly require its estimate. Model (6.4)
can be solved by linear regression. As a simple example, if I
assume N = 30 data takes, i.e., a one-year span, assuming a
GMES-Sentinel 1 (GS1) d = 12 days repeat interval, I get the
following subsidence rate error:

σvp
� λ

4π
365
d

σφ

√
12

N3 −N
� 3.6 mm/year (6.5)

σφ =
√
σ2
a + σ2

SNR =

√(
2πσr
λ

)2

+
1

2 · SNR
(6.6)

where σφ is the phase dispersion of the PS and is due to the
contribution σ2

a of the APS, as σr = 10 mm is the two-way
travel path dispersion due to atmospheric effects (5.5) and (5.6)
and to the phase dispersion due to SNR

σ2
SNR � 1

2 · SNR
. (6.7)

This last contribution is the cause of the higher dispersion at
longer carrier wavelengths (e.g., P-band). I have assumed for
the PS that usually have higher radar cross section that SNR
→ 10 dB. Expression (6.3) is the fundamental one to be used
for assessing the accuracy of the subsidence rate estimation
in PS interferometry. Notice that this result accounts for an
isolated PS, and I am not considering the possibility of abating
the atmospheric noise by averaging its estimate on neighboring
PSs. Further, the problem of phase unwrapping has not been
approached. However, it is very unlikely to occur if the standard
deviation of the error is quite lower than π: in any case, ignoring
unwrapping errors will give a lower bound on the rate estimate.

VII. EXTENSION OF THE MODEL TO

DIFFERENT FREQUENCIES

One advantage of the model that has been considered is the
possibility of its extension to different carrier wavelengths λ.

Fig. 10. Dispersion of the estimate of the subsidence rate is shown as a
function of frequency for different values of the number of looks (L =
10, 50, 500 and N = 30) and for a PS.

Fig. 11. Number of pixels equivalent to a PS as a function of frequency for
various velocity dispersions (4, 5, and 6 mm/year; 12 days repeat).

The decorrelation at span 1 and the rms atmospheric phase shift,
according to (3.3), become

ρ= exp
(
− 1
M

)
M =

τ

T
=

2
σ2

BdT

(
λ

4π

)2

(7.1)

σ2
a=

(
2πσr
λ

)2

Mσ2
a =

1
2T

σ2
r

σ2
Bd

∼ 7
T [in weeks]

(7.2)

which are consistent with (3.2), (6.4), and (5.5). As mentioned,
M is the decorrelation time constant measured in terms of re-
visit times. Keeping SNR = 1.5 and N = 30 in Fig. 10, the dis-
persion shows the estimate of the subsidence rate in millimeters
per year as a function of the frequency for different values (500,
50, 10) of the number of looks L and for a total observation time
of one year (30 images at 12 days). In Fig. 11, I show, in the very
same conditions, the number of pixels LPS that is equivalent
to a PS for various carrier frequencies according to the model.
The constant in the approximation in (5.24) is definitely very
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high, but it captures the behavior of the broad minimum with the
frequency. I see from these figures that L = 100, for instance, is
close enough to ensure that, with 12 days repeat and 30 revisits,
the average coherence is enough to enter the PS regime (1/N3),
so that the atmospheric effect is prevailing, and there is no ap-
preciable change with the carrier frequency. Indeed, higher car-
rier frequencies behave worse, but practically big changes are
not to be expected until 8–10 GHz. On the very low frequency
side, the increment of the dispersion is due to the limited SNR,
also as expected. With longer observation times, there would be
a shift of the optimum toward lower frequencies while keeping
the variation of the dispersion of the estimate rather small. In
terms of the area APS to be occupied by the distributed scatter-
ers to look like a PS, indicating with δ the spatial resolution, we
can use (5.23) to say that APS is approximately independent of
the frequency, as what is lost with M is gained with σa, i.e.,

APS =
0.75
σ2
a

N2

M
δ2

=1.5N2δ2σ
2
BdT

σ2
r

∼0.1N2T [in weeks] δ2. (7.3)

Further, as we can expect the resolution to improve with the
carrier frequency, we can expect this area to decrease.

VIII. CONCLUSION

An evaluation of the subsidence rate error budget has been
carried out for DInSAR interferometry using the three-day re-
visit interval data of ERS-1 over Rome. The results of modeling
temporal decorrelation with a Brownian motion depend upon
the number N of successive images used and the revisit interval
T in weeks. Assuming a short-term target coherence of 0.6
and averaging measures over L = 100 independent looks, the
dispersion of the velocity estimate is lower than 4–4.5 mm/year.
For a wide band of frequencies, including C-band, the number
of looks needed to make distributed scatterers as accurate as a
PS is approximately on the order of 0.1N2T [in weeks].
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